This paper discusses the optimization of surface-mounted permanent magnet brushless AC (PMBLAC) motor using Analytical Sub-domain model with Differential Evolution Algorithm (ASDEA). Only two regions were considered in this analytical sub-domain model, ie magnet and airgap regions, with assistance of Complex Relative Permeance Function (CRPF) to account for the stator slotting effect. Five machine parameters were chosen to be optimized, namely the magnet arc-pole-pitch ratio, slot opening width, magnet thickness, airgap length and stator inner radius. The optimization process has four objectives, ie minimum torque ripple, low cogging torque, high efficiency, and high output torque. The results from the optimized ASDEA were compared with the Analytical Sub-domain Genetic Algorithm (ASGA) and further validated against 2-D finite element model (FEM). Results show a good agreement between analytically optimized models and finite element model. The ASDEA has faster computational time compared to ASGA, and this provides benefit in terms of reducing the machine design parameterization time and less redundancy work required to achieve motor design specifications.
Introduction
The automotive and mechatronics industries normally require electric machines with high-torque density, high efficiency and/or wide-speed range of power capability. One of the electric machines that exhibit good performance characteristics is the permanent magnet brushless AC machine (PMBLAC) [1] . Even though PMBLAC is the best candidate, it still has few design concerns such as the torque ripple, cogging torque and rotor eddy current losses, which can affect the overall machine performance [2] . Usually, electric machine designerswould apply the finite element analysis (FEA) to design and model an electric machine. This approach can usually produce good results, but it has longer computational time which leads to longer time frame for machine design. Besides FEA, analytical sub-domain model (ASDM) has gained popularity among the researchers to model and predict the machine performance. ASDM which is based on Laplaces and Poissons equations governed in the machine domains has been tested with much success for surface-mounted PMBLAC and inset PMBLAC, either internal or external rotor topologies. However, obtaining optimized machine parameters in ASDM can be considered as manual trial-and-error method based on previous data, user experience and intuition. For example, machine parameters such as magnet thickness, stator tooth width, slot opening width, and air gap length, are interdependent and related, and they can greatly affect the motor performance. This shortcoming, however, might be resolved using optimization tools available in the commercial FEA software, but its price is relatively expensive and it has limited features too. Due to this concern, in this paper, analytical sub-domain model was selected due to its fast computational time and then integrated with a multi-objective differential evolution algorithm to optimize PMBLAC parameters. The optimization objectives are to have low total harmonic distortion of phase back-emf, low cogging torque, high output torque, and high efficiency. Ideally, low total harmonic distortion of phase back-emf will lead to reduced torque ripple. Consequently after optimization process, the cost of electric machine would potentially become lower due to smaller volume of active materials used for the magnets and steel cores. This research has a lot of significance to the industry such as to accelerate the design stage with optimized PMBLAC parameters before moving to the fabrication stage and to minimize the design cost by reducing active material volume of PMBLAC using a low-cost optimization tool. In this paper, the research work has two main parts. The first part explains the surface-mounted PMBLAC modelling using analytical sub-domain. Whereas, the second part employs the optimization technique by evolutionary computing which is considered as a multi-objective Differential Evolution Algorithm.The constructions of PMBLAC can be divided into three important components, ie stator core, rotor core and motor winding. The rotor core can either be internal or external type, while the motor winding can be concentrated or distributed winding type. Internal rotor of PMBLAC can accommodate the permanent magnet materials such as surface-mounted, inset and interior permanent magnet. Different internal rotor types will have Fig. 1 . PMBLAC sub-domain [15] : 1 -permanent magnet, 2 -air-gap, 3 -slot opening, 4 -winding slot different magnetic characteristics due to the magnet location in the rotor core. Surface-mounted internal rotor type is often preferred due to smallest leakage flux. PMBLAC with concentrated winding type has better efficiency and lower cost due to less copper and magnetic volume used [3] [4] [5] . The magnetization vectors in the rotor magnets can either be radial, parallel, or Halbach patterns. Due to ease of modeling in analytical sub-domain model and fabrication, the radial magnetization pattern was chosen for the magnet in this research work. PMBLAC has fractional slot due to its slot/pole ratio. In general, PMBLAC can be modeled using three modeling techniques, namely analytical model, magnetic equivalent circuit (MEC), and finite element analysis (FEA) [6, 9] . The analytical model has the shortest computational time compared to MEC and FEA models, whereas MEC is computationally shorter than FEA [7, 9] . FEA has the longest computational time, but highest torque accuracy and magnetic loss estimation, as well as better design flexibility [8, 9] . Despite the advantage of computational effort, the analytical model has few disadvantages such as less accuracy, less flexible compared to FEA, and incapable of 3-D effect. It is suitable to analyse a 2-D design with less complexity in the design [7] .
Analytical sub-domain modelling
Analytical sub-domain model applies separation of variable technique using 2-D Laplace equation for the air gap and slot opening regions, while 2-D Poisson equation is used for the magnet and winding slot regions [10] . The armature reaction and slot mutual influence can also be determined using this analytical sub-domain model [10] . The open-circuit and on-load parameters can also be included [11, 12] . The magnetic field distribution, phase back-emf, electromagnetic torque, and winding inductance are then predicted in this model [10] [11] [12] [13] [14] . The common formulae for analytical sub-domain model using magnetic vector potential in the permanent magnet (A z1 ), air-gap (A z2 ), winding slots (A z3i ), and slotopenings (A z4i ) in 2-D polar coordinates are described in (1) to (4) [15] . M r and M α are the radial and circumferential components of magnet magnetization, while J is the current density in stator slot, and 0 is the relative permeability. Regions of PMBLAC are divided into four sub-domains, ie the permanent magnet region, air-gap region, slot opening region, and the winding slot region as shown in Fig. 1 , [15] . Few assumptions were used in this modelling, namely infinite permeability in the rotor and stator cores; no electrical conductivity in the rotor and stator cores; the eddy current reaction field was neglected (resistance limited approximation); the teeth were spoke shaped (radial slot boundaries); end effect was neglected; and linear magnet properties 
3 Modeling of slotted stator in PMBLAC Slotted stator is most commonly used in the construction of PMBLAC. Motor coils are wound in the stator slots, resulting in slot openings which can cause cogging torque. In analytical sub-domain modelling, PMBLAC can be modelled by having four regions (full sub-domain) or only two regions (semi sub-domain). The latter only considers the magnet and airgap regions; therefore, the effect of stator slotting is accounted for using conformal transformation. It is based on multiplying the relative permeance function with the airgap magnetic fields of the slot-less PMBLAC [16] [17] [18] [19] [20] [21] . The results of this study were able to provide the approximate fields in the slotted airgap only for radial component of the flux density. The tangential component was not included in the solutions even though the conformal transformation was used. A complete analytical model for slotted PMBLAC is described in detail by applying complex nature of conformal transformation, and defined the relative permeance function as a complex number [22] . The model was able to calculate both radial and tangential components of the airgap magnetic field for the slotted PMBLAC. For the internal rotor slotted PMBLAC, the magnetic fields at mid-airgap for radial and tangential components are shown above as (5) and (6) respectively [23, 24] .
There are two operating conditions for PMBLAC, ie open-circuit condition and on-load condition. During open-circuit condition, there is no current flow in the stator coils, and the field is only contributed by PM mounted on the rotor core. When the rotor is rotated, the interaction between the rotor magnets and the stator slot openings will result in cogging torque. It can contribute to motor noise and vibration; therefore, it should be minimized as much as possible. The phase back-emf can be obtained during the open-circuit condition using (7) [25] . While, the cogging torque is determined using (8) . During on-load condition, currents are excited in the stator coils, and the total magnetic field is contributed by the rotor magnets and armature reaction field. The output power and output torque are determined using (9) and (10), respectively. Then, the input power is estimated using (11) .
T o = 3E rms I rms p pair 2πf e (10)
where, ω is the electrical angular frequency, K p is the pitch factor, K d is the distribution factor, N t is the winding turns per phase, and ϕ is the total flux entering in one pole pitch, r mid is the mid radius of the airgap, 0 is the permeability of free space, θ is the rotor angular position in mechanical degree, while B r and B θ are the radial and tangential components for slotted airgap flux density distributions, E rms is the rms induced backemf per phase, I rms is the rms phase current, R ∅ is the phase winding resistance, p pair is pole-pair number, and f e is the electrical frequency. Due to certain parameters and their value selections for PMBLAC, the optimized performance of the PMBLAC cannot be easily achieved. An optimization algorithm can solve this issue by intelligently searching the optimized parameter values after being provided with the minimum and maximum values for each parameter.
Multi-objective optimization algorithm
Non-linear multi-objective algorithm can solve global optimization problems [26] . It is not guaranteed that the optimal solutions are ever found, but there is high possibility that a close optimal solution will be determined. Many optimization algorithms can be used, for example genetic algorithm (GA), simulate annealing (SA), differential evolution (DE), and particle swarm optimization (PSO). Many previous studies showed that DE has been widely used due to its capability of outperforming other well-known optimization algorithms [27] [28] [29] [30] [31] [32] [33] [34] . Several authors have used model parameters directly as optimization variables, while some authors used ratios of model parameters as optimization variables. Constraint functions are derived from different electromagnetic, thermal, mechanical, manufacturing, economic or standard limits, such as maximum flux density in stator tooth, maximum PM temperature, maximum stress in the IPM rotor bridge, minimum dimensions of magnet, maximum cost of the active material, maximum noise and others. Traditional approach for handling constraint functions is by using penalty functions that penalize the solutions which violate constraints. This principle is implemented in the form of weighted sums which modify each objective function. The terms of cost function and fitness function are similar to objective function. Various objective functions can be used depending on field of applications. Some of the common objective functions in single optimization are to minimize material cost, maximize torque per volume, or maximize torque per weight. When dealing with multi-objective optimization, the use of Paretooptimality-based algorithms is particularly adapted to the industrial framework. They do not lead to single and definitive optimal solution, but to a large set of Paretooptimal solutions so that a degree of freedom is still available at the end of optimization process. An optimization technique is used to solve a non-linear multi-objective problem to determine the optimized parameter setting for certain design parameter so that an expected outcome is achieved. The optimal design search is divided into three categories: (a) deterministic method using scalar objective and fitness function with a unique solution; (b) stochastic method using scalar objective and fitness function with a unique solution or; (c) stochastic method using vector objective with a set of satisfactory/good solution [35] . , DOE-based Multi-objective Methods using Taguchi, and VEKOPT using Gaussian-based, are the examples of vector objective stochastic optimization method. An optimization work using analytical sub-domain with PSO has also been carried out. The cogging torque of PM-BLAC was optimized using analytical sub-domain with modified PSO and the radial component of magnetic flux as the constraint [36] . Another machine parameter optimized was the torque ripple using analytical sub-domain with PSO [37] .
Differential evolution optimization
Differential evolution (DE) is one of the artificial intelligent algorithms that has originated from genetic algorithm family. It has four design processes, namely population, mutation, crossover, and selection [31] [32] [33] [34] . It is a population based on optimization method. It begins with a randomly initiated population of N p D -dimensional real-valued parameter vectors. Each vector, also known as genome/chromosome, forms a candidate solution to the multi-dimensional optimization problem. The i -th vector of the population at the current generation can be represented as shown in (12) . Each parameter has minimum and maximum bounds as shown in (13) and (14), respectively [33, 34] .
After initialization, DE creates a donor vector V i,g corresponding to each population member X i,g in the current generation through mutation. Five mutation strategies implemented in the public-domain DE codes are shown in (15) to (19) [33, 34] . F is a constant parameter called mutation scale factor DE/rand/1:
DE/target-to-best/1: 
DE/rand/2:
To enhance the potential diversity of the population, a crossover operation is run after generating the donor vector through mutation. The common binomial crossover is applied on each D variables whenever a randomly generated number between 0 and 1 is less than or equal to the crossover constant Cr value as shown in (20) [33, 34] .
The selection step is to determine whether the target or the trial vector survives to the next generation. The selection operation is shown in (21) [32, 33] 
The suggested control parameter for mutation scale factor F is from 0.5 to 1.0, the crossover constant C r is from 0.8 to 1.0, and the population size N p is approximately equal to ten times the variables/parameters [33] . Based on the literature survey, the analytical sub-domain and DE will have better results compared to PSO and GA. Due to that, in this paper, a research on the optimization of PMBLAC using an Analytical Sub-Domain with Differential Evolution Algorithm called as ASDEA is proposed, applied, and described, which has never been done by other researchers so far.
Research methodology

1 initial machine parameters using sizing equations
A typical 2-D model of PMBLAC is represented in Fig. 4 with associated machine parameters to be identified. In this research, a three-phase, 15-slot/10-pole PM-BLAC was chosen with concentrated winding configuration and surface-mounted NdFeB permanent magnet that has radial magnetization pattern. The core was made of silicon-steel. Other parameters are given in Tab. 1.
Fig. 2. Typical 2-D model of PMBLAC
To identify the initial value of machine geometric parameters, motor sizing (22) to (30) were applied [38] 
w sy = w tb /2 (29)
where D si is stator inner diameter, D so is stator outer diameter, k is a constant for concentrated winding, B g is average airgap magnetic flux density and B * max is maximum flux density in tooth end. There are five machine parameters selected for optimization: magnet arc-polepitch ratio -α p , magnet thickness -h m , air-gap length -h g , slot opening width -b o , and stator inner radius -R si with boundary constraints as shown in Tab. 2. The multi-objectives are in creating machine with the highest efficiency, highest output torque, lowest total harmonics distortion of phase back-emf, and lowest cogging torque. The research started by determining the machine geometry using sizing equations. After that, analytical subdomain model was applied to identify the magnetic flux density at mid-airgap, phase back-emf, and electromagnetic torque. Next, machine with selected initial geometry was optimized using differential evolution algorithm. This algorithm was run through four stages, namely population, mutation, crossover, and selection. It was kept running until it reached the required objective functions such as the highest efficiency, highest output torque, lowest total harmonics distortion of phase back-emf, and lowest cogging torque. Then, the optimized machine was built and modelled using finite element analysis software which was Opera2D to validate the optimized machine model computed from ASDEA.
Results and discussion
The Pareto-fronts of objection function for efficiencyoutput torque versus phase back-emf THDv and objective function for efficiency-output torque versus cogging torque, are given in Figs. 5 and 6 , respectively. The optimization process should satisfy the four objectives, ie highest efficiency, highest output torque, lowest phase back-emf total harmonic distortions, THDv, and lowest cogging torque. From ASGA, the selected points were 92.54% efficiency, 4.41 Nm output torque, 4.96% THDv, and 0.34Nm cogging torque. While from ASDEA, the selected points were 93.09% efficiency, 4.48Nm output torque, 5.85% THDv, and 0.37Nm cogging torque. Each selected point has their own optimized machine parameters: magnet arc pole-pitch ratio ?p, slot opening width b o , magnet thickness h m , airgap length h g , and stator inner radius R si , as listed in Tab. 3, where A slot is the winding slot area, R 981 is coil phase resistance, P loss is power loss, P ave is the average power, P in is the input power, T ave is the average torque, T ripple is the torque ripple, T cog is the cogging torque, and η is efficiency of the motor. The selected point in the Pareto-front chart for optimized machine parameters from ASDEA was used to build the FE model to verify the output.
From the difference between ASGA and ASDEA (denoted as ASGA-ASDEA,∆1 ), it is observed that ASGA has longer computational time compared to ASDEA. This was due to the genetic algorithm genomes production and its mutation factor scheme. ASDEA has computational time approximately 77% faster than ASGA, indicating a good factor in reducing the time to design the motor. Normally, using finite element (FE) software such as Opera2D, longer computational time is required. For 15-slot/10-pole PMBLAC, for instance, computational time of about two hours is needed for an experienced user to build the motor model and obtain the FE results from a single value machine parameter. If five machine parameters are to be varied, and assuming each parameter has variation of ten-point values, the FE software will take approximately about 100 hours to complete. Yet still the best results of machine parameters to be obtained were uncertain because the value setting for each machine parameter was fixed at discrete points. However, intelligent optimization algorithm could mitigate this issue. Those repetitive FE modelling which may be considered as redundancy work can be lessened by using optimization technique. The 15-slot/10-pole PMBLAC machine initially used copper wire with 50 turns per coil, with 5A peak current excited into the stator coil to generate an average power of 325.06W. The average torque was 5.18Nm and the efficiency was 91.97%. Referring to Initial-ASDEA ∆3 in Tab. 3, the machine has 67.8% reduction in phase back-emf THDv, 34.8% reduction in cogging torque, 59% reduction in torque ripple, 13.4% reduction in average power, 13.2% reduction in average torque, and 1.2% increase in efficiency. The cogging torque decrease is due to the reduction of magnet arc. The phase back-emf is slightly reduced due to the smaller stator inner radius, resulting in slightly lower output power and torque compared to initial 15-slot/10-pole PMBLAC. In ASDEA and ASGA, since the winding slot area, Aslot is increased approximately by 20%, with a packing factor of 40%, the phase resistance is lower which contributed to reducing the power loss in the machine. The other losses such as eddy current loss and core loss are considered negligible since the machine is only operated at low rated speed of 600rpm. Fig. 7 and Fig. 8 represent the radial and tangential component for magnetic flux distribution at mid-airgap. The slotting effect was reduced due to 7.4% reduction in slot opening width, b o . In these figures, the legend Initial ANA means the analytical results of the motor using initial parameters. Initial FEM indicates the results from 2D FE motor model also using the initial parameters. Whereas, ASDEA ANA means the results from ASDEA optimization technique, while AS-DEA FEM is the results from 2D FE motor model built using the optimal parameters from ASDEA.
The magnetic flux density in the machine, as illustrated in Figs. 9 and 10, will not saturate when operating under on-load condition. The maximum magnetic flux density in the stator tooth body is below the saturation level, 1.6T. A slight reduction of magnetic flux is observed in the tooth body width when the machine has been optimized. This is due to reduction of magnet arc pole-pitch ratio. The magnitudes of phase back-emf and cogging torque have reduced by 8.1% and 54.1% as shown in Fig. 11 and Fig. 12 , respectively. However, the shape of phase back-emf waveform is more sinusoidal now. This leads to lower output torque ripple as shown in Fig.13 .
Finally, the optimized PMBLAC based on ASDEA produces smaller volume of stator core and magnets which can contribute to the reduction of machine active materials. Furthermore, the optimized motor also achieves 27.1% reduction of copper loss and 1.1% increase 
Conclusion
The Analytical Sub-Domain model with Differential Evolution Algorithm (ASDEA) has been described and presented. The ASDEA was compared with another optimization algorithm such as ASGA. It is proven that ASDEA is better than ASGA since the former was able to optimize with shorter computing time and higher accuracy for the three-phase surface-mounted permanent magnet brushless AC machines (PMBLAC). The amount of repetitive FE modelling may be minimized by using ASDEA technique during initial design stage of the machine. ASDEA could greatly provide benefits to the machine designer in developing electric machines with faster, accurate and cost effective solution.
